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Null andinfinitesimalisotropyaredefinedfor semi-Riemannianmanifoldsin a moregen-
eralcontext.A theoremof K.archeris extendedto semi-Riemannianmanifoldsin amoregen-
eralsetting.Also, by usingthis theorem,acharacterizationof staticblackholemetricscanbe
madeaswell asacharacterizationof Robertson—WalkermetricsasKarchermade.
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1. Introduction

A characterizationof Robertson—Walkermetrics was first madeby Karcher
[8] by introducingthe conceptofinfinitesimalspatialisotropy.Healsoobtained
a local decompositionfor suchmanifolds.LaterHarris [5] andKoch-Sen[9]
obtainedan equivalentcharacterizationof thosemetricsby introducingthe con-
ceptof infinitesimalnull isotropy.Nevertheless,thesecharacterizationsseemto
be somewhatrestrictivefor cosmologicalcircumstances.Hencewe shall intro-
ducetheconceptof null isotropyin thefirst place,whichisweakerthaninfinites-
imal null isotropyandmaybe expectedto besatisfiedin cosmologicalcircum-
stances.An importantfeatureof this definition is that the curvaturetensorcan
bedeterminedby the Ricci tensor,whichis determinedby the stress—energyten-
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sorvia theEinsteinequation.We shallalsoobtainalocal decompositiontheorem
for suchspacetimes.

Actually, the concept of infinitesimal spatial isotropy was given to fit
Robertson—Walkerspacetimes.However,an extensionof this conceptalso fits
staticblackholemetrics.Hencewe will also introducean extendedconceptof
infinitesimal isotropy and obtain generalizationsof Karcher’s decomposition
theoremwhich also fit staticblackhole circumstancesin characterizingthese
metrics.

Actually the methodswe shall use are more general than to hold only in
Lorentzianmanifolds.Thereforewe shall statethesetheoremsin full generality,
thatis, for semi-Riemannianmanifolds.Theinterestedreadermayalsoconsider
thesetheoremsin LorentzianGeometryor GeneralRelativity.

2. Preliminaries

Let M denoteann-dimensionalsemi-Riemannianmanifoldwith metric < , >
of index v, whereO~v~n.For a null uET~M,define u’=u’/span{u}, where
u’ is the orthogonalspaceto span{u}, anddefinethe inducedmetric on ü’ by
g(~,j7)=g(x, y), wherex, yeu~with ir(x)=~,ir(y)=j~and~r:u~-*ü~ is the
canonicalprojection.Also if ueT~Misnull, definetheJacobioperatorR~:ü’ i-*ü’

by k~=ir(R(x,u)u), wherexeu~ with m(x) =x andR is thecurvaturetensor.
The Einstein tensorG of a semi-Riemannianmanifold is definedby G=

Ric— ~(Sc) < , >, whereRic and (Sc) arethe Ricci tensorandthe scalarcur-
vature,respectively.Alsonotethatthedivergencediv G= 0 (seeref. [11,p. 336]).
The Ricci operator~R:TM—~TMis definedby <9~x,y> =Ric(x, y) for every x,
yeT~MateachpeM.

3. Null isotropy

An observerin cosmologicalcircumstancesobservesthatthe densityof light is
(ideally) locally uniform on his celestialsphere(null isotropy) ratherthanuni-
form over all his celestialsphere(for infinitesimalnull isotropy seerefs. [5,9]).
We shallformulatethisconceptas follows:

Definition 3.1. Let Mbe an indefinitesemi-Riemannianmanifoldof dim M~3.
A null ueT~Mis called isotropicif 1~~=c~Id,wherec~eP.Mis called null iso-
tropic atPEM if everynull UE T~Mis isotropic.Mis callednull isotropicif M is
null isotropicateachpeM.
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Remark 3.2.
(1) Everythree-dimensionalindefinite semi-Riemannianmanifoldis null iso-

tropic,sincedim(ü-’- ) = 1 for everynull ueTM.
(2) If R~=c~Id,then c~=(n—2)’Ric(u, u).
(3) If&=c~Id,then

c,,= <R(x, u)u, x> / <x, x>

foreverynonnullxeu’. Conversely,if <x, x>c~,= KR(x, u)u, x> for everyspace-
like (ortimelike) xeu’ then1~~=c~Id.—

(4) Iftheindex2~v~n—2,thenk~=c~Idiff<R(v,u)u, v> =0 for everynull
~ u’.

For the proofs of (3) and (4), apply lemmasA and B of ref. [10] to
f(x, ~)~1~uX, j7) definedon

Next we will obtainthe curvaturetensorof a null isotropicindefinite semi-
Riemannianmanifold whichwill be ageneralizationof the curvaturetensorof
constant curvature semi-Riemannian manifolds. But for this, we need ref. [3,
thm. la], in a moregeneralsetting.

Let M be a semi-Riemannian manifold. A quadrilinear function G: T~M
xT~MxT~MxT~M—4~is called curvature-like if:

(a) G(x,y,z,v)=—G(y,x,z,v)=—G(x,y,v,z),
(b) G(x,y, z, v)+G(y, z,x, v)+G(z,x,y, v)=0,
(c) G(x, y, z, v)=G(z, v, x, y),

for every x, y, z, yeT~M.Also, let Gbe a curvature-like quadrilinear function on
T~M.Then for x, y, ze T~M,there is a unique element in T~M,which we denote
byR’(x, y)z, such that <R’(x, y)z,v> =G(x,y, z, v) for every veT~M.The map
R’: T~MxT~MxT~M—*T~Mdefined by the above equation is called the curva-
ture tensor of G.

Clearly, the curvaturetensorof acurvature-likequadnlinearfunctionis trili-
nearandsatisfies

(a’) R’(x,y)z=—R’(y,x)z,
(b’) R’(x, y)z+R’(y, z)x+R’(z,x)y=0,

for everyx, y, zeT~M.Also let FandF0 be the quadrilinear curvature-like func-
tions on T~Mdefined by F(x, y, z, v) = <R(x, y)z,v> and F0(x, y, z, v)=

<R0(x,y)z,v>, where

R0(x,y)z= Ky, z>x— <x, z>y. (1)

Notethatthe proof of theorem 1 ain ref. [3] only depends on the properties of
acurvature-like quadrilinear function and its curvature tensor. Hence wecan also
state this theorem in a more general way as follows.



210 E. Garcia-RioandD.N. KOpeli /Null andinfinitesimalisotropy

Theorem 3.3. Let M bea semi-Riemannianmanifold and let Gbe a curvature-like
quadrilinear function on T~M.If G(x,y, z, x)= <R’(x, y)z, x> =0 whenever
{x,y}isorthonormalofsignature(—,+) (or(+, +) or(—, —))and<x, z>=
<y, z> =0, thenG=CF0, whereCEP.

Let M be a semi-Riemannianmanifold of dim M~3 and let R1: T~M
x T~MxT~M—~T~Mbeatrilinearmapdefinedby

R1(x,y)z=Ric(z,y)x—Ric(z,x)y

at each peM. Then it is easy to see that the function F’0 : T~M

X TPMXT~MXT~M—~(Rdefinedby

F~(x,y,z,v)=~ [KR1(x,y)z,v>+Ric(Ro(x,y)z,v)] (2)

is a curvature-likequadrilinearfunctionon T~M.
Also notethat

F~(x,u, u, x)= —~--~ Ric(u,u)Kx, x>

for everynull ucT~Mandxeu’.

Remark3.4. IfMis null isotropicatpeMthen

F’0(x, u, u, x)=c~Kx,x>

for everynull ueT~Mandxeu’, whereku=CuId.

Theorem 3.5. LetM be an indefinitesemi-Riemannianmanifold.IfM is null iso-
tropic at peM, then

F=F’0— (n—l)(n—2)(Sc)~F0. (3)

Proof Let G=F—F’0 be acurvature-likequadnlinearfunction on T~M.Then
G(x, u, u,x)=0foreverynu1lueT~Mandxeu’by remarks3.2(3)and3.4. Let
xc T~Mbeaunitnonnull vectorwith x~-indefiniteandletf(y, z) = G(x, y, z,x)
beasymmetricbilinear functionon xi-. Thenf(v, v) =0 for everynull vex~and
it follows from ref. [10, lemmaA] thatf(y, z) =,~<y,z> on x’. ThusG(x,y,
z,x)=)L~Ky, z> on x~Land it follows that G(x,y, z, x)=0 for everyorthogonal
y, zex’. Henceit follows from theorem3.1 that G= CF0, that is, F=F0 + CF0.
Now it remainsto determinethe constantC. Let {e1, ..., e~}be an orthonormal
basisatpeM. Then
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~ ~
i,j= 1

= ~ Keg, e~>Keg,e1>F~(e~,e1, e1, e~)
i,j= 1

+C ~ Ke1,e1>Ke1,e1>Fo(e~,e1,e1,e~).
i,j=1

Henceaneasycomputationshowsthat

(Sc)~= 2(n—l) (Sc)~+Cn(n—l)

and it follows that

C (Sc)~
— (n—1)(n—2)~

Recall that the Weyl tensor of a semi-Riemannian manifold of dim M>~3 is
defined to be the curvature tensor Wof

W=F—F’0+ (n—l)(n—2) (Sc)F0.

Hence we have the following:

Corollary 3.6. Let M be an indefinitesemi-Riemannianmanifold of dim M~3.
ThenM is null isotropicatpeMiff W=0 atpeM.

Proof Obvious.

Notice that, by the abovecorollary, the Weyl tensorof an indefinite semi-
RiemannianmanifoldM mayalsobe consideredas ameasureof the deviation
from M beingnull isotropic.

Corollary3.7. LetM bean indefinitesemi-Riemannianmanifold.IfM isnull iso-
tropic at peM, thenM is ofconstantcurvatureat p iffM isEinsteinatp.

Proof Obvious. (Also seeref. [10, lemmaA andlemmaB].)

Most interesting examples of null isotropic Lorentzian manifolds are the
Robertson—Walkerspacetimes[11, p. 341]. In the propositionbelow,we will
alsoconstructotherexamplesof null isotropicindefinitesemi-Riemannianman-
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ifolds. Throughout this paper, let M1 andM2 besemi-Riemannianmanifoldswith
metrics K >i and K >2, curvaturetensorsR1 andR2, respectively.Also let
M=M1XM2 with metric < , >=—< , ~ , >2 (or K >=

K >~~—K, >2)andcurvaturetensorR.

Proposition 3.8. LetM1andM2besemi-RiemannianmanifoldswithM=M1 xM2
an indefinitesemi-Riemannianmanifoldanddim M~3. ThenM is null isotropic
ifeitherofthefollowingholds:

(1) dim M,~ 2 andM, is ofconstantcurvaturecfor i = 1, 2.
(2) dim M1 = 1, dim M2 ~ 3 andM2 isofconstantcurvaturec (or viceversa).
(3) dim M=3.

Proof Let u= (u1, u2)eT~Mbeanull vectorandletx=(x1, x2)Eu ~. Hencenote

that Ku1, u1>1= Ku2, u2>2 andKx1, u1>1= <x2, u2>2.
(1) Thus

R(x, u)u= (R1 (x1 , u1 )u1, R2(x2, u2)u2)

=c(<u1,u1>1x1—Kx1,u1>1u1

Kui, u1 >1x2—Kx1, u1 >1u2)

andit follows thatk~~=cKu1, U1> 1~=c~for everynull ueT0Mand~eü’, where
,t(x) =x.

(2)SincedimM1=1,x1=ku1andhenceKxi, u1>1=kKu1, u1>1. Thus

R(x,u)u= (0, R2(x2,u2)u2)

=(0, c(Ku1, u1 >1x2—kKu1, u1 >1u2))

=c(u1, U1 >1(0,x2—ku2)

=cKu1, u1 >1(x1 —ku1,x2—ku2)

=c(u1,u1>1(x1,x2)—kcKu1,u1>1(u1,u2),

andit follows that

R~X=c<u1,u1 >1~=c,~

for everynull ueT0MandXEÜ
1.

(3) Immediateby remark3.2(1). E

We alsohavethe followingconverseto the aboveproposition:
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Theorem 3.9. Let M=M1 xM2 be a product of two semi-Riemannian manifolds
and assume that Mis null isotropic.

(1) Ifdim M,~2then M~is of constant curvature cfor i= 1,2.
(2) If dim M1= 1 and dim M2~ 3 with M2 is connected,thenM2 is ofconstant

curvature c.

Proof Letp=(p1,p2)eM,u=(u1,u2)eT~Mbeanu11vectorandx=(x1,x2)eu~.

Then, since

R(x, u)u= (R1(x1, u1)u1,R2(x2,u2)u2)

=c~(x1,x2)+d~(u1,u2)

=(cuxi+dxui,cux2+dxu2)

it follows that

R1(x1, u1)u1 =c~x1+d~u1

R2(x2, u2)u2 CuX2 +d~u2.

(1) Note that if dim lvi, = 2 thenM1 has constant curvature c~at each p1eM1.
AssumedimM~>~3.Then,since0= KR1(x1,u,)u1,z> = KR~(u1,x)z1,U.> forevery
orthonormalx1, z1, u~e~ describedin theorem3.9, it follows thatM, is of
constantcurvaturec,,~atp~eM1,wherei= 1, 2. Furthermorelet u= (u1,u2)eT~M
beanull vectorwith KU1, u1>1 ~&0andx= (x1, x2)eu’ beanonnullvectorwith
x1 andx2 not scalarmultiplesof u1 andu2,respectively.Thenfrom

R(x, u)u= (R1 (x1, u1 )u1, R2(x2, u2)u2)

Cu(Xl,X2)+dx(U1, u2)

it follows that

c~1Ku1, u1 >1x1 —c~,1Kx1, u1 >1u1 =cuxi +d~u1

c~2Ku1,u1 >1x2c~2Kxi,Ui >1U2=CuX2+dxU2.

Thusc~,,1= c~,,2for everyp= (Pi, P2)eM andit follows that M1 andM2 areof con-
stantcurvaturec.

(2) As in (1),M2 is of constant curvature at each p2eM2. Then, since M2 is

connected it follows from Schur’s lemma that M2is of constant curvature c. D

Next wewill obtain a local splitting theorem for null isotropicsemi-Riemann-
ian manifolds.We shallusethe following form of the PrimaryDecomposition
Theoremin linearalgebrafor (notnecessarilydefinite) inner-productspaces.

Theorem 3.10. Let 91 be a seif-adjointoperatoron a real inner-productspaceV.
Let mbetheminimalpolynomialfor 91, m= m~‘ m~, wherern aredistinct irre-
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ducible nonconstantmonicpolynomialsand r, are positive integers. Also let
W,=ker(m,(91)’~).Then

(1) W
1, i 1, ..., k are mutually orthogonal (hence nondegenerate)and

V=Wl~.•.c~Wk.
(2) Each W~is invariant under9?.
(3) If 9?. is theoperatorinducedon W,by 9? thenthe minimal polynomialfor 9?,

isrn~’.

Proof Seeref. [7, p. 220].The proofof (I) canbeobtainedfrom the primary
decompositionby using the fact that 9? is self-adjoint. (Also see ref. [11,
p.260].) E

In the above theorem, 9? is said to have nontrivial primary decomposition if
i~2.

Theorem 3.11. Let Mbe a connected, null isotropic indefinite semi-Riemannian
manifold withparallel Ricci tensor. If the Ricci operatorhas nontrivial primary
decompositionatpEMthenMis locallyaproductM=M1xM2 ofsemi-Riemann-
ian manifoldssuchthat

(1) M1• is ofconstantcurvaturecprovidedthat dim M,~2for i= 1, 2;
(2) M2 is ofconstantcurvatureprovidedthat dim M1 = 1 (or vice versa).

Proof Let 91 havea nontrivialprimarydecompositionatpeM.Then,since9? is
parallel,theminimalpolynomialmof 91 hasconstantcoefficientson M, andhence
m=m~’~•~m~with the same factors m1, ..., mk at each peM. Then W1
=ker(rn1(91)”) andV1 =ker(m2(9?)’~~~mk(91y’)areorthogonalnondegenerate
distributionson M with complementarydimensions.Also, since9? is parallel,if
X, YeT’W1 then V~YeI’W1 because (mi(9flnl)(VxY)= ~‘x(mi(9?)rl )(Y)
=0. Similarly, if X, Yef’V1,then V~YeFV1.Thus W1 and V1 are integrablewith
totally geodesicintegralmanifolds.Thus locallyM= M1 XM2, whereM1 andM2
are semi-Riemannian manifolds.

Furthermore,sinceMis null isotropic, by theorem 3.9, M1 and M2 areof con-
stantcurvaturecprovidedthat dim M,~ 2. Also from the sametheorem,it fol-
lowsthatM2 isofconstantcurvaturec, providedthatdim M1= 1 anddim M2~ 3
(or vice versa).Henceit remainsto showthat M2 is of constantcurvaturec if
dim M1 = 1 anddim M2 = 2 (orvice versa).Butthat easilyfollows from the fact
that the Ricci tensoris parallelandRic=OK , >1~c~2K >2, whereK , >2 is
theinducedmetric on M2.

Here we notethatthe Einsteinstatic universeis an exampleto the theorem
above(cf.ref. [l,p. 130]).
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Remark 3.12. Note that, by the assumption of the abovetheorem,the minimal
polynomial of 91 must necessarily be m1= (t—p)(t—)~),wherep, )~ePwith p~L)~.
This can be easily seen from the Ricci tensor

Ric=c(n1—1)K , >1~c(n2—1)K, >2,

where — K , >~and K >2 are the inducedmetricson M1 and M2 respectively,

anddim M1=n1 anddim M2=n2. Hencep=c(n1—l)and~.=c(n2—l).

4. Infinitesimalisotropy

Definition 4.1. LetM beasemi-Riemannianmanifold.M iscalledinfinitesimally
isotropicwith respecttoorthogonaldecompositionT~M=W1~ W2at peMif

(a) R(z,x)y=uKx, y>z,foreveryzeW1, x, yeW2andviceversa,where~ueP;
(b) R(x, y)z= ,c~R0(x,y)z,foreveryx,y, zeW.for~= 1, 2 whereKeeP.In partic-

ular, define,c,=0 if dim W= 1.

Remark4.2. Notethatthe abovedefinition is equivalentto thatof Karcher [8]
if dim W1= 1 (seealsoref. [4]). Also condition (a) implies that R(x,y)z=0 for
everyzeW1,x,yeW2 andvice versaby the first Bianchi identity.

Examples
1. TheRobertson—Walkerspacetimesareinfinitesimally isotropicwith respect

to T~M=W~W2,whereW1=span{Z~},W2=W1’- and Z is the fluid flow (see
ref. [ll,p. 345]).

2. Let M1 and M2 be semi-Riemannian manifolds with constant curvature c1
and c2, respectively. Then M= M1 xM2 is infinitesimally isotropicwith respect
to T~M=T~1M1xT~2M2at each p= (pi, p2)eM. Hencenotethat infinitesimal
isotropydoesnot imply null isotropyin general(seetheorem3.9).

3. The Kruskal black hole is infinitesimally isotropic with respect to
T~M=T~1QxT~2S

2,whereQ is the Kruskalplaneandp=(p
1,p2)eQxS

2(see
ref. [11, p. 369]). Also notethatthe Kruskalblackholeis not null isotropic.

Proposition4.3. Let M be an indefinite semi-Riemannian manifold and
T~M=W

1~ W2, whereW1 and W2 areorthogonal.Let — K , >1 and K >2 be
restrictions of K , > on W1 and W2. If M is null isotropic at peM and
Ric=pK > ~ >2 then M is infinitesimally isotropic with respect to
T~M=W~W2, wherep,)~eP.

Proof With a straightforward computation using theorem 3.5, it can be shown
that Mis infinitesimally isotropic with respectto T~M=W1~ W2 with
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1(1

ji=— —~------j(Sc)~~+p—.2.,),

= — —~-~ (—~~(Sc)~,+~)~

The converse of the abovepropositionis not true in general,see the above
example2 with c

1~ c2. But wehavethe following partialconverse.

Proposition 4.4. IfM isan infinitesimalisotropicsemi-Riemannianmanifoldwith

respect to T~M=W1~ W2at peMthen

Ric=—[K1(n1—l)+,1n2]K >1

>2, (4)

where — K , >1 and K >2 aretherestrictionsof K , > on W1 and W2, respec-
tively, anddim W1=n1,dim W2=n2.

Proof Let e1, ..., e,~1a W~ande~1+ ~,..., e~1+fl2 E W2 be an orthonormalbasisfor
W1 and W2, respectively. Then for zeW1 and XE W2,

Ric(z,x)=~ Ke,,e,>KR(e,,z)x,e,>

fl 1 + fl2

+ ~ Ke1,e,>KR(e,,z)x,e,>=0
i=ni + 1

by curvatureidentities.Also, for z, yeW1,

Ric(z,v)=

fll ±fl2
+ ~ Ke,,e,>KR(e,,z)v,e,>

e=nI + 1

and similarly, for x, yeW2,

Ric(x,y)=[c2(n2—l)+,un1]Kx,y>

Hence
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Ric=—[,c1(n1—l)+.un2]K , >~

>2.

Corollary4.5. Let M be a semi-Riemannianmanifold.IfMis null isotropic at p
and infinitesimally isotropic with respectto T~M=W1~ W2, then Mis ofconstant
curvatureatpprovidedthat

~u(n2—n1)+ic1(n1—l)—ic2(n2—l)=0. (5)

Proof. Note that,if theaboveequationis satisfied,thenMis EinsteinatpeMby
proposition4.4. HenceMis of constantcurvatureby corollary3.7.

Remark4.6. Notethat~1(n2—n1)+,c1(n1—l)—K2(n2—1)=0doesnotimplythat
Mis of constant curvature unless Mis null isotropic at p. Forexample,theKruskal
blackholesatisfiestheaboveidentitybut is not of constantcurvature.In fact, in
the Kruskalblackhole,ic~= K2 = — 2~z~ 0.

Next we will show that, if M is infinitesimally isotropic with respectto
T~M=W1~ W2with dim ( W1)= 1, thenwehavethe following converse of prop-
osition4.7.

Theorem 4.7. Let M be an indefinite semi-Riemannianmanifold and
T~M=W1~ W2, where W1 and W2 are orthogonal with dim W1= 1 (or
dim W2= 1). ThenM is infinitesimallyisotropic with respectto T~M=W1~W2
iffM is null isotropic at p and Ric=pK , > ~ >2, where — K , >~and

K >2 arethe restrictions of K , > on W1 andW2, respectively.

Proof The“if” partfollows by proposition4.3. Also by proposition4.4andcor-
ollary 3.6, it sufficesto showthat the Weyl tensorW=0 to provethe “only if”
part. For it is straightforwardto showfrom

W=F—F~+(n—1)(n—2)(Sc)~F0

that W(x,y)v= W(x,z)z= W(x,y)z= W(z,x)y=0 for every zeW1 and x, y,
yeW2.Hence,sinceany v, weT~M,there exist a, beiRandx, yeW2, zeW1 such
that v=az+x, w=bz+y, it can be shown that W(v,w)w= W(az+x,
bz+y)(bz+y)=0. Thus, W(v,w, w, v)=0 for every v, weT~MandsinceWis
curvature-like,it follows that W=0.

In aspacetimeM, null isotropyisindependentof aparticularobservercontrary
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to infinitesimalnull isotropy. (Notethatinfinitesimalnull isotropyis not defined
innon-Lorentzianmanifolds,seerefs. [5,9].) Indeed,fromaphysicalviewpoint,
Mmaybeseento beinfinitesimallynull isotropicby oneobserveryetmaynot be
seenthat wayby anotherobserver.(Actually, it canbeseenfrom theuniqueness
of theeigenspacesof the Ricci operatorthat, ifMis infinitesimallynull isotropic
(equivalently,infinitesimallyspatially isotropic)with respectto two linearlyin-
dependentobserversthenM mustbeof constantcurvatureatthatpoint.) Hence
it maybeinterestingto giveanecessaryandsufficientconditionfor theexistence
of an observerin anull isotropicspacetimefor whomM is infinitesimally null
isotropic.Thisconditionis clearlythatthe stress—energytensorTofMbe thatof
a perfectfluid, as is immediatefrom the Einsteinequation,theorem4.7 andref.
[9, thm. 1]. In this case, the observer is the unit future-directed time-like eigen-
vectorof T.

Let M be asemi-Riemannianmanifold andlet TM= W1~ W2,where W1 and
W2aresmoothorthogonaldistributions.Mis calledinfinitesimally isotropicwith
respect to TM= W1~ W2 if M is infinitesimally isotropic with respect to
T~M=W1~W2~1,ateachpaM.

Notethat, in this case,~i, ‘C1, ~c2:M-3P aresmoothfunctions.

Theorem 4.8. LetM bea semi-Riemannianmanifold. Assume that Mis infinites-
imally isotropicwith respectto TM= W1$W2 with rank(W2) ~ 3. If

(a)~2—u~0ateachpeM,
(b) d~uIW2

then Mis locally a warped product (M1 Xf M2, — K , >1 ~f< , >2), whereM1
andM2aresemi-RiemannianmanifoldswithM2 ofconstantcurvature,M1 ofcon-
stantcurvatureprovidedthat dim M1 ~ 3, and — K , >1 and < , >2 are the in-
ducedmetricson W1 and W2, respectively.

Proof Let ZeFW1andX, Y, VeI’W2. Then

(V~R)(X,Y)V=d,c2(Z)R0(X,Y)V

+(K2)[<X,V>(VzY)
T~<V,Y>(VzX)T’J,

(V~R)(Y,Z)V~dt.t(X)<Y,V)’Z

+(K2/i)[KY, V>(VxZ)r2_KV,VxZ>Y],

(~~R)(Z,X) V=du(Y)<X, V>Z

(K
2/L)[KX, V>(VyZ)F2KV, V~Z>X],

where T1 and T2 arethe projectionson W1 and W2, respectively.Then by the
secondBianchiidentity, weobtainthat
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[dit(Y)KX, V>—d~u(X)KY,V)’]Z

=(,c2—4u)[KX,V>(r~Y)
T’—KV,Y>(V~X)T’], (6)

d,c
2(Z)R0(X,Y)V=(,c2—u)[KV, V~Z>Y

_KY,V>(VxZ)
T2+KX,V>(VyZ)T2KV,VyZ>X]. (7)

By assumption,sincedul W2 =0 andK
2—~U~0at eachpeM, we obtain from

(6) that

KX, V)’(V~Y)
T’—KV,Y>(V~X)T’=0

for every Ze[’W
1 andX, Y, VeI’W2. Thus by taking Y= V±Xandmultiplying

the aboveequationwith Z’eT’W1,weobtain
0KY, Y>KVzX,Z’>—KY,Y)’KX, VzZ’>

foreveryX,Ycf’W2and Z, Z’eFW1.
Thus W1 is integrableandintegralmanifolds are totally geodesic.Hencethese

integralmanifoldsarelocallyof constantcurvatureby Schur’slemmaif theirdi-
mensionis ~ 3. Also from (7), by choosingY= V±X andthenmultiplying it
with X, we obtain

d~2(Z)— K V~Z~X> + K V~Z,Y>
IL—K2 — KX,X> KY,Y>

for every orthogonalnonnullX, YeFW2. But since rank( W~)~ 3, weconclude
that

KVxZ,X> idK2(Z)
KX,X> 2 JL—K2

for every nonnull XeT’W2,andhence

K ~z, ~>= ! d~2(Z)KX,X> (8)2 ~u—~2

for everyXeT’W2.
Also from (7) by choosingorthogonalX, Y, VeFW2, with X, Ylinearly inde-

pendent,weobtainK V, VIZ> Y—K V, V~Z>X= 0, andhence

KV,VxZ>0 (9)

for every nonnull orthogonal X, VeI’W2 andZeFW1.

Now let ZeFW1anddefineabundlehomomorphismT: W2—~W2 by

T=(P’Z)T2_ idK2(Z)Id
2 /t—K2

Thenby (8),
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<TX,X>=KVXZ,X>_!dK2(~KX,X>=0
2 IL—K2

for every XeT’W2, and by (9), K TX, Y> =0 for every nonnull orthogonal
X, Yef’W2.ThusT= 0 andhence

(VZ)T2= Id’C2(Z) Id.
2 IL—K2

But this implies that W2 is integrableandthe integral manifolds are totally
umbilic. (Note that the secondfundamentalform operatorL~= — (VZ)T2 with
respectto ZeT’W1 is scalar.)Hencethe integralmanifoldsof W2 haveconstant
curvaturein theinducedmetric ateachpointandit follows from Schur’slemma
thattheseintegralmanifoldsare locallyof constantcurvature. n

The abovetheoremis ageneralizationof a theoremof Karcher [8], and in
particularit characterizescosmologicalmetrics in GeneralRelativity. For its
physicalinterpretationin cosmologicalcircumstances,seerefs. [8,5,9].

However,theabovetheoremfailsto holdinblackholemodelssincerank W2~ 3
is assumed.Next we shall stateanotherversionof this theoremwhich holdsin
staticblackholemodelsandcharacterizesthe staticblackholemetrics.

Theorem 4.9. LetM be asemi-Riemannianmanifold.AssumethatM is infinites-
imally isotropic with respect to TM= W1~ W2 with rank( W1 )~ 2 and
rank ( W2)= 2. If

(a) K1—/1~0andK2—/.L~0ateachpeM,
(b) dILl W20,

(c) d,c2 I = 0,
thenM is locally a warpedproduct (M1 XfM2, — K > 1~fK >2), whereM~
and M2 are semi-Riemannianmanifolds with M1 of constant curvature if
dim M1 ~ 3,M2 ofconstantcurvature,and— K >1 andK >2 areinducedmet-
rics on W1 and W2, respectively.

Proof Let U, VeJ’W1and X, YeT’W2. Then

(V~R)(Y,U) V=dIL(X)<U, V>Y

+(IL—Ki)[KU,V>(VxY)
T’—KVxY,V>U],

(VyR)(U,X)Vd/L(Y)KU, V>X

—(/,c
1)[<U, V>(VyX)

T’K VEX, V>U],
(VLTR) (X, Y)V= (IL — K2) [KY, i~

1V> X— KX, V~V> Y]

whereT1 is the projectionon W1.Thenby the secondBianchiidentity,weobtain
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that

[dIL(X)Y—dIL(Y)X]KU, V>

=(1c2—IL)[KY,VLTV>X—KX,VUV>Y], (10)

(IL—,ci)[KU,V>[X,Y]
T’—K[X,Y],V>U]=O. (11)

Also from (10),by interchangingX andYwith UandV, respectively,weobtain

[dIL(U)V—d
1u(V)U]KX,Y>

(K1IL)[KV, V~Y>UKU,V~Y)’V]. (12)

By assumption,sinced~uI W2= 0 andK2 — IL ~ 0 ateachpeM, weobtain

KY, ~ V> X—K X, ~ V> Y= 0

for every U, VeT’W1 and X, YeT’W2. Hence KY, V~V>=0 for everyYeFW2,U,
VeI’W1, and it follows that W1 is integrablewith totally geodesicintegralmani-
folds. Also from (11), by taking UI V, we obtain K [X, Y], V> =0 for every
X, YeT’W2,VeI’W1. Thus W2 is integrable.

Furthermore,from (12)

dIL(U) KX, Y>~KV~Y,U>KY, VxU>

for every UeFW1, X, YeFW2. Hence

(VU)T2= dIL(U) Id
K~—IL

for every UeT’W1, which implies that the integral manifolds of W2 are totally
umbilic. Hence it remainsto showthat theseintegralmanifolds arelocally of
constant curvature.

For, sinceK2 is locallyconstanton theintegralmanifoldsof W2, it follows from
ref. [11, p. 124, prob. 6] that theseintegral manifoldsare locally of constant
curvaturein theinducedmetric. D

Thebestexamplesto the abovetheoremareKruskalandReissner—Nordström
blackholes [6]. (YetnotethataReissner—Nordströmblackholeis not Ricci flat
due to the existenceof electromagneticstress—energy.)Perhapsit mayalsobe
interestingto giveaphysicalinterpretationof infinitesimalisotropyin blackhole
circumstances.Let W1bethe Lorentzianspacespannedby all observersradialto
the blackhole atapointp of spacetimeM andlet W2= W j’. Thenan observer
ZE W1 has the restspacez-

1- =L~W
2, whereL is the space-like subspace of W1

orthogonal to span{z}. Thus the infinitesimal isotropy with respect to
T~M=W1~ W2 implies that the compressingtidal accelerationsactingon this
observerwhich aretransversalto theblackhole (thatis, thosein W2) areuni-
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form in everydirectionandtheirmagnitudesareproportionaltoIL. Also thepull-
ing effect of the blackholeis in the directionof L directedto the blackhole (in
the restspaceof the observer)andits magnitudeis proportionalto ‘Cl. K2 hasa
similarmeaningin describingthegravity of the blackhole in bendingtheplanes
transversalto it.

Also see ref. [2] for the description of tidal accelerations in a Kruskal black
hole.

Finally we will makeageneralremarkon theseresultsin GeneralRelativity.
Due to nonuniformclumpingsin the laterphasesof the universe,the stress—en-
ergy tensormaydeviatefrom beinga perfectfluid to be a fluid with different
principal pressures.Henceit maybe an overidealizationto expectthe universe
to be infinitesimally null isotropic (equivalently,infinitesimally spatially iso-
tropic). (Also seetheremarkbelowtheorem4.7.) Yet onestill expectstheuni-
verseto benull isotropicatmostpointsof spacetimesincestarsarenot expected
to occupymuchroomin the universe,that is, the regionswith significantWeyl
tensor.At suchpoints,by theabovetheorem,onemayexpectthattheuniverseis
locallyawarpedproductin mostcases.

The first authorwantsto expresshis gratitudeto the Departmentof Mathe-
matics at METU for their extraordinaryhospitality during his stay at that
University.
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